. We clean up and load GRTensorll
[ > restart:

> grtw():
GRTensorll Version 1.79 (R6)
2 February 2001
Developed by Peter Musgrave, Denis Pollney and Kayll Lake
Copyright 1994-2001 by the authors.

i Latest version available from: http://grtensor.phy.queensu.ca/
| We start by loading the Reissner-Nordstrom-de Sitter metric
> gl oad(rndsq);

Default spacetime = rndsq
For the rndsq spacetime:
Coordinates

X(up)
x%=[r, 6, qt]
Line element
dr? 2m 1 2
ds’ = ~+1r° d6° +r’sin(8)” d ¢f +[—1+—+—/\ rZ—Q—Z] dt’
2m 1 Q ro 3 r
1-—-ZAr+=,
r 3 r?

L The Reissner-Nordstrom-de Sitter metric

10, 11, 12, and I3 (in the notation of gr-qc/9808055) are predefined in GRTensorll as RiemSq, diRiem,
diRicci, and diWeyl respectively.

| We calculate them all here in one go:

[ > grcal c(Ri enf5q, di Rl em di Ri cci, di Wyl ) ;

Created definition for R(dn,dn, up, up)

"Differential Invariants’

“Last nodified Jan. 20, 1995

Created a definition for R(dn,dn, up, up, cdn)

Created definition for R(dn, up)

Created a definition for R(dn,up, cdn)
Created a definition for C(dn,dn, up, up, cdn)

CPU Time =.821

> gralter(_, expand, factor);
Conponent sinplification of a GRTensorl| object:

Appl ying routine expand to object RienfSq
Appl ying routine expand to object di Ri em
Applying routine expand to object diRicci
Applying routine expand to object di Wyl

Applying routine factor to object RienfSq
Applying routine factor to object di Ri em
Applying routine factor to object diRicci
Applying routine factor to object di Wyl

CPU Time =.060




> grdisplay(_);
For the rndsq spacetime:
Full Contraction of Riemann

818m°rr-36mrQ*+A*r’+21Q°
=2 p
R {abcd;e}RMabcd;e}

16 (3r'+6mr+Ar'-3Q%) (45m*r -108 mr Q* +76 Q*)

diRiem =-
r_12
R {ab;e}RMab;e}
80 (-3r*+6mr+Ar‘-30%Q*
diRicci =—— o
r
C{abcd;e}CMabcd;e}
Brr+emr+Art-30%)(15m?r’ -36mrQ?+220Q*
diweyl :—16( Q) ( Q Q)

r12

| Specializations are easily obtained. For example, for Lambda=0 we would use:
> grmap(_, subs, Lanbda=0, x );

Applying routine subs to R enf5q

Applying routine subs to di Riem

Applying routine subs to diRicci

L Appl yi ng routine subs to di Wyl

> gralter(_,factor);

Conponent sinplification of a GRTensorl|l object:

Applying routine factor to object RienfSq
Applying routine factor to object di Ri em
Applying routine factor to object diRicci
Applying routine factor to object di Wyl

L CPU Time =.010
> grdisplay(_);
For the rndsq spacetime:
Full Contraction of Riemann
6m°r’—12mrQ*+7Q*

r8

R {abcd;e}RMabcd;e}
16 (2mr-r*-Q%) (45m°r* - 108 mr Q* + 76 Q%)

r12

R {ab;e}RMab;e}

0(2mr—r2—Q2)Q“

I,_12

diRiem =-

diRicci =-8




C{abcd;e}CMabcd;e}
g 2mr-r* -Q% (15m*r* =36 mr Q*+22 Q%

r12

diWeyl =-4

A special diagonal metric considered as follows:
> gl oad(sdi aga) ;
Default spacetime = sdiaga
For the sdiaga spacetime:
Coordinates
x(up)
x%=[r, 6, qt]
Line element
2

ds? = +r2 d0° +r’sin(0) d¢ —A(r) dt?

I A
[ > grcal c(Ri enf5q, di Rl em di Ri cci, di Wyl ) ;

L CPU Time =.211

| 6 is an alias for expand and 7 is an alias for factor and these are used as follows:

> gralter(_,6,7);
Conponent sinplification of a GRTensorl|l object:

Appl yi ng routine expand to object RienfSq
Appl ying routine expand to object di Ri em
Applying routine expand to object diRicci
Applying routine expand to object di Wyl

Applying routine factor to object RienfSq
Applying routine factor to object di Ri em
Applying routine factor to object diRicci
Applying routine factor to object di Wyl

L CPU Time =.060

> grdisplay(_);

For the sdiaga spacetime:
Full Contraction of Riemann

4(£A(r)J2 P +4-8A(r) +4 A(r)? +(a—2A(r)j2 r*
or or’

r4

R {abcd;e}RMabcd;e}
2 2
diRiem —A(r)[l6 (EA(r)j r* - 16 r3(iA(r)J (a—zA(r)j+8(a—2A(r)J rt
e or or or? or?

+(6—3A(r)J2 r®+32 (EA(r)J r—32A(r) (EA(r)j r+32-64A(r)+32 A(r)z]/ r°
ar3 or or

K =




R {ab;e}RMab;e}

diRicci —lA(r) 10 (a—ZA(r)jz r*+4r° (a—ZA(r)J(aB A(r)J (a A(r)j(62 A(r)J
| 2 ar? ar? ar’
& i 9° 9 9 ’ &
(6 —A(N) | r*-4r [6 A(r)]( A(r)J+4( rA(r)J r? +24 {;A(r)} r’

2
- 24 [%A(r)} 2 A(r) + 24 — 48 A(r) +24A(r)2]/r6
I

C{abcd;e}CMabcd;e}

2

diw |—1A [SOA (aA J+10(62A j24+40(2A j22+(a—3A JG
Weyl =2 (r) (r) (r)|r o (ry|r or (ry|r o (ry|r

+40 A(r)*-80 A —403(2A J(O—ZA J—40(6—2A jz
(r) (r) "3 (r) o (r) o (r)|r

—4r (GZA J(aBA J+8r(aBArj(aArJ+40(62A(r)jr2A(r)
o (r) or (r) o (r) (r) o

+8 (a—BA(r)j r* +80 (gA(r)J r-8 (a—BA(r)j r* A(r) +40J / r®
or® or or®
. We now go directly to the Kerr-Newman case:
[ > gl oad( newkn);
Default spacetime = newkn
For the newkn spacetime:
Coordinates
x(up)
x®=[r,u,@t]
Line element

(az—uz)[r2+a2+( u)(2mr—Q)J «

, (r’ +u?) dr? (r* +u?) du? > +u
ds - 2 2 2+ 2 2 2
r-2mr+a +Q a-—u a
2(@*-u)(2mr-Q*) dodt +( 1+2mr—Q2j 4
a(r’+u?) r’ +u?

Constraints =[u=acos(9)]

Kerr Newman Solution in Boyer-Lindquist coordinates (u=a*cos(theta))
> grcal c(Ri en5q, di Rl em di Ri cci, di Wyl ) ;

CPU Time =1.993




> gralter(_,6,7);
Conponent sinplification of a GRTensorl| object:

Appl ying routine expand to object RienfSq
Appl ying routine expand to object di Ri em
Appl ying routine expand to object diRicci
Applying routine expand to object di Wyl

Applying routine factor to object RienfSq
Applying routine factor to object di Ri em
Applying routine factor to object diRicci
Applying routine factor to object di Wyl

L CPU Time =.161
> grdisplay(_);

For the newkn spacetime:
Full Contraction of Riemann

K=8(7r"Q*+90m*rPu*+6m*r°-60rQ?u*m-34r’Q*u* -12mr° Q* -6 u° m?

F7U QU+ 120m P2 Q2 - 90l it u?) /(P + )
R {abcd;e}RMabcd;e}

diRiem =-16 (=45 u™®m?*+2700 W mr* Q*-720 ¥ mr Q*+36 @ Q*r' m - 1980 u* Q°r' m
-604 Q* U mr -45 Q% u® m* - 588 Q° r* u* — 9270 m* r* u* Q% + 2340 m* r? u® Q?
+4236mriut Q' +6300mrPut —2520m* P u +90 m*ru® - 45 m? r'* - 76 r® Q*
-2520m°r’ u? =76 Q°r® +32 u® Q% + 90 m® r® — 261 m? r® Q% + 5364 m? r° u? Q°
-3540 P ¥ Q' m+ 744 r* ¥ QP+ 108 mr’ Q*+260mr’ Q* +76 ¥ Q* +180a° QU mr
+71202Q* P - 712 % Q* rP + 1215 ¥ m? r® - 1890 U m? r* + 1215 UB m? r? - 44 2> Q* r®
-44a°Q*u*-1890 u* m* r* +1332u* mr° Q*+ 156 a° Q* r* u* + 156 a” Q" r* u*
-324a*mr’u*Q*-180a’mriu’ Qz)/(r2+u2)9

R {ab;e}RMab;e}
Q*(5r'-10rm+4a’rP+5rPQ*+2ulmr-u?Q?+4a’u?-5u?)

diRicci =16 .
(r’ +u?)
C{abcd;e}CMabcd;e}

diweyl =-48 (-15u™”m?+900 ® mr* Q> - 240 ¥ mr Q? + 122 Q*r’ m - 660 u* Q*r’ m
-200 Q" u’mr-15Q*u® m® - 194 Q° r* u* — 3090 m* r* u* Q* + 780 m* r* u® Q°
+1408mriut Q' +2100m*rPut -840 m* PP Ul +30miru® - 15m?r - 22 Q*
—-840m3r' u?-22Q° P +10 P Q% +30m*r* =87 m? r* Q% + 1788 m?* r° u? Q?
~1192rP WP Q* m+254 r* P Q® +36mr’ Q°+80mr Q*+22 Ut Q* +60 a2 Q* W mr
+244 0 Q' r°* - 244 0P Q* P +405 P m* r® - 630 U m? r* + 405 P m? r* - 12 2% Q* r°
—12a°Q"u*-630u*m*r* +444 u"  mr Q° +60a° Q' r* u> +60 a* Q" r* u*




9
| —108a2mrP ¥ Q*-60a’mriu‘Q?) / (P +u?)
| The Kerr case
[ > grmap(_, subs, Q@=0, x);

Applying routine subs to R enf5q
Applying routine subs to di Riem

Applying routine subs to diRicci
L Appl yi ng routine subs to di Wyl

| 13 is an alias for applying the constraints continuously until the expression does not change:
> gralter(_,13,6,7);
Conponent sinplification of a GRTensorl|l object:

Applying routine “Apply constraints repeatedly’ to object RienfSq
Applying routine “Apply constraints repeatedly’ to object di Riem
Appl ying routine “Apply constraints repeatedly’ to object diRicci
Applying routine “Apply constraints repeatedly’ to object di Wyl

Applying routine expand to object RienfSq

Appl ying routine expand to object di Ri em

Applying routine expand to object diRicci

Applying routine expand to object di Wyl

Applying routine factor to object RienfSq

Applying routine factor to object di Ri em

Applying routine factor to object diRicci

Applying routine factor to object di Wyl

L CPU Time =.220
> grdisplay(_);

For the newkn spacetime:
Full Contraction of Riemann

K =-48m? (r+acos(8)) (-r +acos(0)) (r’—4ar cos(8) +a’ cos(0)?)

6
(r’+4arcos(0) +a’ cos(0)?) / (r* + a% cos(0)?)
R {abcd;e}RMabcd;e}
diRiem =720 m? (r* + 4 r* acos(0) — 6 a° cos(08)* r* —4 a° cos(8)° r +a"* cos(0)*)

(r*—4r®acos(8) -6a’cos(0)’r* +4a’cos(8)° r +a* cos(0)*) (a® cos(8)’ —2mr +r?) /

(r* +a? cos(e)z)9
R {ab;e}RMab;e}
diRicci =0
C {abcd;e}CMabcd;e}
diweyl =720 m® (r* +4 r¥acos(0) — 6 a? cos(8)* r’* — 4 a® cos(0)* r + a* cos(8)*)
(r*—4r’acos(8) -6a?cos(0)r* +4a’cos(8)° r +a* cos(0)*) (a® cos(8)’ =2 mr +r?) /

o (rP+a? cos(e)z)9

' We now load a generalization of the gamma metric, specialize to the gamma metric, and calculate
RiemSq, and diRiem.

| These are displayed along the symmetry axis.

|




[ > gl oad( gammas) ;

Default spacetime = gammas
For the gammas spacetime:
Coordinates
x(up)
x4=[r,u, @t]

Line element

I}
( —2mr+rl ] ,
dr

, \rf-2mr+u’m
ds” = +

v y
(1_2_mj (1_2_mJ (r2—2mr+u2m)6(m—u2)

r

2 .2 2 Yy
u’r 2U°r 2m
+ - d(pz—(l—Tj dt®

€
(=2mr+r’) du’

Constraints = [8=V - 1, € = V]

L gamma metric, u = m™(1/2)sin(theta)
> gralter(g(dn,dn), 13);
Conponent sinplification of a GRTensorl| object:

Applying routine “Apply constraints repeatedly’ to object g(dn,dn)
CPU Time =.040

> grcal c(Ri enf5q) ;

L CPU Time =.221

[ > grmap(_, subs, u=0, "x);

L Appl ying routine subs to Ri enf5q

> gralter(_,6,7);

Conponent sinplification of a GRTensorl|l object:

Appl ying routine expand to object RienfSq
Applying routine factor to object RienfSq
CPU Time =.040
> grdisplay(_);
For the gammas spacetime:

Full Contraction of Riemann
2

v
(-r+m+ym)? [(—ﬂj] m? y’

r

K =48
r* (-r+2m)*

> grcal c(di R en);




I CPU Time =2.614
[ > grmap(_, subs, u=0, x);

L Appl ying routine subs to di Riem

[ > gralter(_,6,7);

Conponent sinplification of a GRTensorl| object:

Appl ying routine expand to object di Ri em
Applying routine factor to object di Ri em

L CPU Time =.080

> grdisplay(_);

For the gammas spacetime:
R {abcd;e}RMabcd;e}

3
N
2 -r+2m
(Am?+6m’y+2ym’—6mr-6ymr+3r?) [(——J] m? y#

r*(-r+2m)®

diRiem =80

" Finally we look at the BZT "black hole"

[ > gl oad(bzt);

Default spacetime = bzt

For the bzt spacetime:
Coordinates

x(up)
x2=[r, @t]
Line element
dr? r?
ds* =— +r2 d¢ +(——2+m—Q2In(r)jdt2
r
— -m+Q%In(r) ©

o
> grcal c(Ri en5q, di Rl em di Ri cci ) ;
“Debug-using the long definition
L CPU Time =.050
> grdisplay(_);
For the bzt spacetime:
Full Contraction of Riemann
_12r'+4rQ°0°+3Q" ¢’
o' r
R {abcd;e}RMabcd;e}
(-r* +mo” - Q% In(r) °) Q*
o’ r°
R {ab;e}RMab;e}

diRiem =-20




(-r* +ma’ - Q%In(r) 0°) Q*
| 6 0_2 |"6
| Now all 3-spaces are Wey! flat, but the conformal properties are governed by the Cotton-York
(equivalently the Weyl-Schouten) tensor. The Cotton-York tensor is a two-index symmetric,
divergence and trace-free tensor which in three dimensions is zero if and only if the space is
conformally flat. In what follows we define and calculate the Cotton-York tensor (CY), trace,

| divergence, and two obvious invariants.

[ > grdef (" CY{?a "b}:=2*Lev({"arc"d}*(R{"b c ;d}-kdelta{”b c}*R{~f f
;d}/4) ),

Created definition for R(up,dn)

Created a definition for R(up, dn, cdn)
L Created definition for CY(up, up)

[ > grdef (" CY{~a}: =Cy{"a"b; b} );
Created a definition for CY(up, up, cdn)
L Created definition for CY(up)

[ > grdef (" CY:=CY{a "a} );

Created definition for CY(dn, up)

L Created definition for CY

"> grdef (" CYY: =CY{*a”b}*CY{a b} );
Created definition for CY(dn, dn)

L Created definition for CYY

[ > grdef (" CYYY: =Cy{"a"b;c}*Cy{a b ;~c} );
Created a definition for CY(dn, dn, cdn)

Created definition for CY(dn, dn, cup)
L Created definition for CYYY

[ > grcal c(CY(dn, up), CY(up), CY, CYY, CYYY);
CPU Time =.061

diRicci =-

> gralter(_,2,7);
Conponent sinplification of a GRTensorl|l object:

Applying routine “sinmplify[trig]  to object CY(dn, up)
Applying routine “sinplify[trig] to object CY(up)
Applying routine “sinmplify[trig]® to object CY
Applying routine “sinplify[trig] to object CYY
Applying routine “sinplify[trig]® to object CYYY
Applying routine factor to object CY(dn, up)

Applying routine factor to object CY(up)

Applying routine factor to object CY

Applying routine factor to object CYY

Applying routine factor to object CYYY

L CPU Time =.060

[ > grdisplay(_);

For the bzt spacetime:
CY(dn,up)
CY(dn, up)




[0 0 0

0 0
2

CY
(r’ =mao®+Q%In(r) 6°) Q?
0_2 r_2 r3 |
CY(up)
CY(up)
CY? = All components are zero
CY
CY = All components are zero
CYy
Q* (r’ =ma® + Q% In(r) ¢°)
r6 0_2
CYvyy
CYYY =-Q*(12r*-2rPQ*c* +Q*d" - 28’ ma® + 28 P Q% In(r) 0* + 20 m* &
| -40m o’ Q*In(r) +20Q* In(r)* * +6 mo* Q* -6 Q* In(r) o*) / (r* o)
| The calculation time for this worksheet is
[ > kernel opts(cputine);

0

CYY =-2

4

9.894

[ >



